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This work treats the eets of disorder and interations in a quantum Hall ferromagnet, whih
is realized in a two-dimensional eletron gas (2DEG) in a perpendiular magneti eld at Landau
level lling fator ν = 1. We study the problem by projeting the original fermioni Hamiltonian
into magnon states, whih behave as bosons in the viinity of the ferromagneti ground state. The
approah permits the reformulation of a strongly interating model into a non-interating one. The
latter is a non-perturbative sheme that onsists in treating the two-partile neutral exitations of
the eletron system as a bosoni single-partile. Indeed, the employment of bosonization failitates
the inlusion of disorder in the study of the system. It has been shown previously that disorder
may drive a quantum phase transition in the Hall ferromagnet. However, suh studies have been
either arried out in the framework of nonlinear sigma model, as an eetive low-energy theory,
or inluded the long-range Coulomb interation in a quantum desription only up to the Hartree-
Fok level. Here, we establish the ourrene of a disorder-driven quantum phase transition from a
ferromagneti 2DEG to a spin glass phase by taking into aount interations between eletrons up
to the random phase approximation level in a fully quantum desription.
PACS numbers:
I. INTRODUCTION
The simultaneous treatment of disorder and intera-
tions in strongly orrelated eletron systems has always
formed a knotty hallenge; this is beause of the dearth of
manageable analytial tehniques that an deal with dis-
order and interations at the same time.
1,2,3
The strongly
orrelated system of interest in this work is the two-
dimensional eletron gas (2DEG) in a perpendiular mag-
neti eld at Landau level lling fator ν = 1, whose
ground state is ommonly known as the quantum Hall
ferromagnet.
The quantum Hall ferromagnet is the spin-polarized
ground state of the 2DEG at ν = 1 in whih all eletrons
ompletely ll the lowest Landau level with spin up po-
larization. Suh onguration minimizes the Coulomb
energy for fermioni systems. In general, it is a ompeti-
tion between kineti and Coulomb energies, whih deter-
mines the ground state. In the ase of the quantum Hall
ferromagnet having ν = 1 the kineti energy is frozen and
does not hange with spin ip, thus, the ground state is
ferromagneti, even with zero Zeeman splitting. Typi-
ally, the Zeeman splitting in the GaAs heterojuntions
turns out to be roughly 70 times smaller than the spaing
between Landau levels and an order of magnitude smaller
than the Coulomb energy per partile.
The neutral elementary exitations are spin wave ex-
itations, also alled magnons. The spin waves an be
desribed by the ation of the spin lowering operator
S−
q
, projeted to the lowest Landau level, on the ferro-
magneti ground state. It turns out, that the projeted
operator reates an exat exited eigenstate of the Hamil-
tonian. In the regime of low momenta, the magnon's dis-
persion is quadrati and the oeient of the quadrati
term represents a phenomenologial onstant known as
the spin stiness. The spin stiness provides a measure
of the free-energy inrement assoiated with twisting the
diretion of the spins. A signiant spin stiness indi-
ates that the system lies in the ferromagneti phase,
while a paramagneti state orresponds to a vanishing
spin stiness. The spin wave dispersion at very large
momenta saturates at a onstant value given by the sum
of the Coulomb and Zeeman energies. Thus, at large mo-
menta, the value orresponds to the energy of separate
quasipartile and quasihole exitations.
One approah that has suessfully dealt with strongly
orrelated eletron systems is the so-alled bosonization
proedure. Bosonization is a non-perturbative approx-
imation sheme that essentially treats the eletron-hole
exitation, known as exiton, as a bosoni single-partile;
onsequently, a fermioni Hamiltonian an be reast into
a bosoni one. In 1950, Tomonaga revealed, in a ground-
breaking paper,
4
that the appliation of the bosoniza-
tion formalism to a one-dimensional eletron gas (1DEG)
yielded an exatly-solvable Hamiltonian. The reason is
that the eletron and the hole propagate with nearly the
same group veloity in the low-energy region. However,
that is not the ase in two dimensions. At a given momen-
tum k, the partile-hole pair exitation holds a ontinu-
ous range of energies. Therefore, it is less straightforward
to onstrut a oherently propagating bosoni entity in
two dimensions.
The rst attempt to extend the bosonization proedure
for higher dimensions was done by Luther
5
and then re-
vised by Haldane.
6
Castro Neto and Fradkin,
7
as well
as Houghton and Marston,
8,9
developed a bosonization
tehnique for a Fermi liquid in any number of dimen-
sions. As regards the interating 2DEG subjet to an
external perpendiular magneti eld, Westfahl Jr. et
al.
10
onstruted a formalism that treated the elemen-
tary neutral exitations of the system, the magnons, in a
2bosoni framework suh that the fermioni Hamiltonian
of the system was transmuted into a quadrati bosoni
Hamiltonian. The drawbak is that this method is valid
in the limit of weak magneti elds, whih amounts to
large Landau level lling fators ν.
Doretto et al.
11
extended the methodology of West-
fahl Jr. et al.
10
to the ase of the 2DEG at ν = 1
(i.e. for a very strong magneti eld). Given that the
system is now restrited to one Landau level, the task
greatly simplies, sine the Landau level quantum de-
gree of freedom an then be disregarded. Projeting the
original fermioni interating Hamiltonian of the system
into the lowest Landau level, whih is ompletely lled
(ν = 1), allows one to expand it in magnon states.12 It
then turns out remarkably that the dispersion relation
of the free magnons oinides with the result derived
by Kallin and Halperin
13
within the fermioni desrip-
tion at the random phase approximation (RPA) level and
the quarti interating part of the magnon Hamiltonian
might be related to the skyrmion-antiskyrmion neutral
exitations of the Hall ferromagnet.
11
Moreover, in the
viinity of the ground state, without magnon-magnon in-
terations, magnons behave like bosons. This allows to
treat magnons approximately as bosons in the so-alled
single-mode approximation.
14
Here, we intend to alulate a quantum phase tran-
sition in the quantum Hall ferromagnet driven by dis-
order, aounting for the Coulomb interations between
eletrons. We will use the bosonization tehnique allied
to the usual self-onsistent Born-approximation for the
disorder averaging proedure.
Before presenting the results obtained in this paper,
it is worth getting aquainted with the urrent status
of researh related to the eld. To begin with, Green
1
propounded that the vanishing of the renormalized spin
stiness at a threshold value of the disorder strength sig-
nies the ourrene of a depolarization transition from
the ferromagneti phase to a paramagneti one. His nd-
ing is based upon a previous result established by Fogler
and Shklovskii,
15
who proered the same idea in the ase
of higher Landau levels. Green established this proposi-
tion in the framework of non-linear sigma model, used
as an eetive low-energy theory in the regime of weak
disorder. The other quantity that Green omputed is the
disorder ontribution to the optial ondutivity, whih
he found to be unmeasurably small. Finally, Green es-
tablished that the quantization of the Hall ondutivity
is not aeted by the presene of weak disorder in the
system.
1
Another work was arried out by Sinova, MaDonald
and Girvin,
2
who established the ourrene of a phase
transition from the paramagneti state to the partially-
polarized ferromagneti one and then nally to the fully-
polarized ferromagneti one as the interation strength
inreases relative to the disorder strength. They deter-
mined this result by omputing the average value of the
spin polarization as a funtion of the interation strength
relative to the disorder strength. Sinova et al.
2
did on-
sider Coulomb interations within the framework of the
Hartree-Fok approximation. Moreover, the transition
from the paramagneti phase to the ferromagneti one
was found to take plae when the Coulomb energy sale is
about twie as large as the Landau-level-broadening dis-
order energy sale. As a nal point, the authors inferred
that no phase transition an take plae in the strong dis-
order limit.
The last germane paper was published by Rapsh, Lee
and Chalker.
3
They established the ourrene of a phase
transition from the ferromagneti state to the so-alled
spin glass phase. This result was obtained by alulat-
ing the magnetization, the magneti suseptibility and
the spin stiness as funtions of the disorder strength.
They assumed the disorder potential to be Gaussian dis-
tributed and desribed the system in terms of a semilas-
sial spin model. In their model, they took into aount
Coulomb interations within the Hartree-Fok approxi-
mation but modelled them as being short-ranged. Like
Green,
1
Rapsh et al.
3
omputed the disorder ontribu-
tion to the optial ondutivity and found as well that
it is undetetable. Finally, they alulated the dieletri
suseptibility of both the partially-polarized ferromag-
neti phase and the spin glass one and they onluded
that both regimes display an insulating behavior at low
momenta and a metalli behavior at large momenta.
Let us now put our work in perspetive. Our obje-
tive is to establish the behavior of the renormalized spin
stiness as a funtion of the disorder strength in order
to asertain a potential quantum phase transition driven
by disorder to a non-ferromagneti state. Indeed, if the
spin stiness vanishes for a ritial value of the disorder
strength, then this signals an instability in the ferromag-
neti phase.
1
On the other hand, the appearane of an
imaginary omponent of the spin stiness, whih might
be interpreted as a spin wave damping,
16,17
at a ertain
disorder strength, might indiate the appearane of lo-
alized spin waves and a spin-glass phase transition. An-
other important harateristi is the Pauli suseptibility,
whih diverges at the point of the phase transition from
a non-ferromagneti to a ferromagneti state, indiating
spontaneous magnetization. We onsider a fully quantum
model, inlude a short-range weak disorder potential up
to the 2nd order Born approximation and treat the true
long-range Coulomb interations up to the RPA level.
The method that we employ onsists of ve steps. First
of all, a bosonized expression of the total Hamiltonian,
whih inludes a ontribution from disorder, is sought
for. The dispersion relation of the free bosons orre-
sponds to the one omputed by MaDonald et al.
18
and
more expliitly by Doretto et al.,
11
whih entails intera-
tions between eletrons up to the RPA level. The seond
step onsists in obtaining the full Green's funtion, and
preisely its disorder self-average. In our ase, beause
the impurities are randomly distributed throughout the
system, the disorder self-average an also be taken by
averaging over the impurity positions. The third stage
is then to determine the self-energy of that disorder self-
3averaged Green's funtion through the use of the Dyson's
equation. The self-energy is determined in the low-
impurity density and weak disorder sattering approxi-
mations. As a result, the self-energy orresponds to a
single diagram with one propagator line and two disorder
potential lines. The propagator line is evaluated within
two further possible approximations: the bare approxi-
mation, whih onsists in using the bare bosoni propa-
gator, and the self-onsistent approximation, whih uses
instead the full disorder self-averaged Green's funtion.
One must bear in mind that both propagators take into
aount interations between eletrons up to the RPA
level. Furthermore, the bare approximation is rst taken
in the long wavelength limit, whih keeps the lowest order
terms in momenta, and then in the general ase, where all
the momenta terms are taken into aount. The fourth
step onsists in obtaining the renormalized dispersion in
these approximations: bare and self-onsistent approxi-
mations. The nal stage is then to determine the spin
stiness in the approximations by taking the oeient
of the quadrati term in the renormalized dispersion. It
is found that a naive extrapolation of the bare approxi-
mation to the regime of nite disorder strength predits
vanishing of the renormalized spin stiness at a ertain
disorder strength up, indiating a paramagneti phase
transition. A more realisti self-onsistent approxima-
tion, however, predits even faster derease of the renor-
malized spin stiness with growing disorder strength up
to a ertain ritial value uc of the disorder. At this
point, the renormalized spin stiness drastially hanges
its behavior: it beomes nonanalyti, aquires an imagi-
nary part, and the real part saturates at a ertain positive
value without reahing zero. Suh nonanalyti behavior
annot be aessed by any nite number of perturbative
orretions. In addition, our alulations show a strong
indiation that the Pauli suseptibility also diverges at
the same ritial point uc, suggesting a phase transition,
presumably to a spin glass phase.
The outline of this paper is the following: in Setion
II we present the model and in Setion III we derive the
expression for the self-energy. Then, we rst solve the
problem using the bare Green's funtion in Setion IV.
We present our numerial and analytial results for the
self-onsistent solution of the Dyson equations in Setion
V and draw our onlusions in Setion VI.
II. THE MODEL
The 2DEG in the presene of both a perpendiular
magneti eld (B = Bzˆ) at ν = 1 and disorder is de-
sribed by the fermioni Hamiltonian H = H0 + Himp,
with
H0 = 1
2m∗
∫
drΨ†(r) (−i~∇+ eA(r))2Ψ(r)
− 1
2
g∗µBB
∑
σ
∫
drσΨ†(r)Ψ(r)
+
1
2
∑
σ,σ′
∫
drdr′ Ψ†σ(r)Ψ
†
σ′(r
′)V (|r− r′|)Ψσ′(r′)Ψσ(r)
and
Himp =
∫
dr
Nimp∑
i=1
U(r−Xi)Ψ†(r)Ψ(r).
Here, Ψ†(r) and Ψ(r) are, respetively, the fermioni re-
ation and annihilation operators in oordinate spae, m∗
denotes the eetive mass of the eletron, A is the vetor
potential, g∗ stands for the eetive Landé g-fator and
µB is the Bohr magneton. In addition, V (|r|) = e2/(ǫ|r|)
denotes the Coulomb potential, with ǫ being the diele-
tri onstant of the host semiondutor, and U stands
for the impurity potential, with Xi being the random
position of an impurity.
The rst step onsists in obtaining a 2nd quantized
version of the magnon Hamiltonian of the system. In our
model we onsider only single magnon proesses, whih
allow us to use a bosoni desription. It was shown in
Ref. [11℄ that the bosonized Hamiltonian of the system
in the absene of disorder is (negleting a onstant term)
H0 =
∑
q
ω
q
b†
q
b
q
, (1)
where b†
q
and b
q
are, respetively, the bosoni reation
and annihilation operators in q spae and the bosoni
dispersion relation is given by
ω
q
= g + ǫB
[
1− e−|ℓq|2/4I0
( |ℓq|2
4
)]
. (2)
Here, ǫB =
√
π/2(e2/ǫℓ) stands for the Coulomb energy
sale (ℓ being the magneti length), I0 denotes the mod-
ied Bessel funtion of the rst kind, and g = g∗µBB. It
must be stressed that although the interation between
magnons is omitted from the disussion, the Coulomb in-
teration between eletrons up to RPA level is taken into
aount by the bosoni dispersion relation ω
q
.
11,13
We now fous on the impurity part of the Hamilto-
nian. We begin with the fermioni expression of the 2nd
quantized impurity Hamiltonian,
Himp =
∑
q
U(q)g
q
∑
p
a†
p+qap. (3)
Here, g
q
denotes the Fourier transformed density fun-
tion
∑Nimp
j=1 δ(x −Xj) for the impurities and a†q and aq
are, respetively, the fermioni reation and annihilation
4operators in q spae. In order to obtain the bosoni form
of the above, the Fourier-transformed eletroni density
operator must be used. It is given by
ρ(q) =
∫
dr e−iq·rΨ†(r)Ψ(r). (4)
The eletroni eld operators are related to the single-
eletron operators by
Ψ(r) =
∑
p
e−ip·r√
A
a
p
and Ψ†(r) =
∑
p
eip·r√
A
a†
p
,
where A is the area of the system. Substituting the above
bak into Eq. (4) gives
ρ(q) =
∫
dr e−iq·r
∑
p,p′
ei(p
′−p)·r
A
a†
p
′a
p
=
∑
p
a†
p+qap.
(5)
Then, substituting Eq. (5) bak into Eq. (3) yields
Himp =
∑
q
U(q)g
q
ρ(q). (6)
The bosonized version of the eletron density operator
reads
11
ρ(q) = δ
q,0Nφ + 2ie
−|ℓq|2/4
∑
p
sin
(
q ∧ p
2
)
b†
q+pbp, (7)
where Nφ = A/(2πl
2) is the Landau level degeneray
and q∧p = ℓ2zˆ · (q×p). The disorder Hamiltonian then
beomes
Himp =
∑
q
U(q)g
q
[
δ
q,0Nφ + 2ie
−|ℓq|2/4
×∑
p
sin
(
q∧p
2
)
b†
q+pbp
]
. (8)
The onstant term δ
q,0Nφ is now omitted sine the quan-
tity of interest is the Green's funtion.
The bosonized impurity Hamiltonian is then nally
written as
Himp =
∑
q,p
U(q)g
q
f(q,p)b†
q+pbp, (9)
where
f(q,p) = 2ie−|ℓq|
2/4 sin
(
q ∧ p
2
)
. (10)
Labelling
U(q)f(q,p) = Ue(q,p), (11)
the full bosonized Hamiltonian of the quantum Hall fer-
romagnet in the presene of impurities is then expressed
as
H =
∑
q
ω
q
b†
q
b
q
+
∑
q,p
Ue(q,p)g
q
b†
q+pbp. (12)
Let us now say a few words on the dimensions of the
disorder potential. There are two soures of disorder
present in the system: impurities positioned at a er-
tain distane away from the 2DEG and impurities present
in the 2DEG. In the ase of GaAs heterostrutures,
1,19
most of the disorder potential is spawned by the Coulomb
interation between the eletrons and the impurities lo-
ated away from the 2DEG. These impurities orrespond
to ionized donor atoms situated in the n-type region,
whih itself is detahed from the 2DEG by an insulat-
ing layer of thikness d ∼ 1000Å ≫ ℓ. In the present
alulations, the disorder potential will be taken as an
eetive two-dimensional potential.
Having obtained the bosonized Hamiltonian in the
presene of impurities, one is now able to determine the
expression for the self-energy.
III. DERIVATION OF THE SELF-ENERGY
In the same spirit as Ref [20℄, one rst looks for the
Green's funtion,
G(p′,p; t) = −i〈0|T [b
p
(t)b†
p
′(0)]|0〉. (13)
Here, |0〉 stands for the bosoni vauum state, whih is
none other than the quantum Hall ferromagnet: i.e. |0〉 ≡
|QHF 〉 =∏Nφ−1m=0 c†m,↑|0〉F . Thus, one has
i
∂
∂t
G(p′,p; t) = δ(t)δ
p,p′ − i〈0|T
[
[b
p
(t),H]b†
p
′(0)
]
|0〉,
(14)
where T is the time ordering operator. Now, using
Eq. (12), one easily nds that
[b
p
(t),H] = ω
p
b
p
(t) +
∑
q
Ue(q,p− q)g
q
b
p−q(t), (15)
suh that one obtains for the seond term in Eq. (14)
−i〈0|T
[
[b
p
(t),H]b†
p
′(0)
]
|0〉 = ω
p
G(p′,p; t)
+
∑
q
Ue(q,p− q)g
q
G(p′,p− q; t). (16)
Hene, the equation of motion of G(p′,p; t) is written as(
i
∂
∂t
− ω
p
)
G(p′,p; t) = δ
p,p′δ(t)
+
∑
q
Ue(q,p− q)g
q
G(p′,p− q; t). (17)
The zero-order approximation to the solution of
Eq. (17) yields
G0(p′,p; t) = δ
p,p′G
0(p, t), (18)
where G0(p, t) stands for the bare bosoni Green's fun-
tion. We now look for the expression for G0(p, t).
Firstly, one needs to nd the Heisenberg bosoni op-
erator in the absene of the disorder potential. Starting
5U
e
(q’-q,q)
U
e
(p-q’,q’)U
e
(q-p,p)U
e
(q-p,p)
U
e
(p-q,q)
N
imp
N
imp
++=
p p p   p p  p
q  q q’
=imp<G(p)> + . . .
Figure 1: Diagrammati expansion of the disorder averaged Green's funtion.
with i∂tbp(t) = [bp(t),H0] = ωpbp(t), one then obtains
b
p
(t) = b
p
e−iωpt. Therefore, for the ase t > 0, the free
Green's funtion is
G0(p, t) = −i〈0|b
p
(t)b†
p
|0〉 = −ie−iωpt〈0|b
p
b†
p
|0〉
= −ie−iωpt,
whereas for t < 0, it turns out to be
G0(p, t) = −i〈0|b
p
(t)b†
p
|0〉 = −ie−iωpt〈0|b†
p
b
p
|0〉 = 0.
This solution is indeed idential to the eletroni one.
Now, the ynosure is on the generi solution of the
dierential equation (17). By oupling the latter with
the boundary equation (18) yields the integral equation
G(p′,p; t) = δ
p,p′G
0(p, t) +
∫ ∞
−∞
dt′ G0(p, t− t′)
×
∑
q
Ue(q,p− q)g
q
G(p′,p− q; t).
(19)
By Fourier-transforming the time in Eq. (19) to fre-
queny and shifting q→ p− q one nds
G(p′,p;ω) = δ
p,p′G
0(p, ω) +G0(p, ω)
×
∑
q
Ue(p− q,q)g
p−qG(p
′,q;ω). (20)
Here, the bare Green's funtion reads
G0(p, ω) =
1
ω − ω
p
+ iη
, (21)
where η → 0+ and ω
p
is given by Eq. (2). In the same
way as for fermions, the solution of Eq. (20) is obtained
by iteration. One gets the so-alled Born series :
G(p′,p) =
∞∑
n=0
G(n)(p′,p), (22)
where G0(p′,p) = δ
p,p′G
0(p) and for n ≥ 1,
G(n)(p′,p) = G0(p)
∑
q
Ue(p− q,q)g
p−qG
(n−1)(p′,q).
Expansion of Eq. (22) then yields
G(p′,p) = δ
p,p′G
0(p′) +G0(p′)Ue(p− p′,p′)g
p−p′G
0(p) +
∑
q
G0(p′)Ue(q − p′,p′)g
q−p′G
0(q)Ue(p− q,q)g
p−qG
0(p)
+
∑
q,q′
G0(p′)Ue(q− p′,p′)g
q−p′G
0(q)Ue(q′ − q,q)g
q
′−qG
0(q′)Ue(p− q′,q′)g
p−q′G
0(p) + . . . ,
Due to disorder self-averaging in the limit of very large number of impurities Nimp → ∞, with onstant density
nimp = const., the full bosoni one-partile Green's funtion approahes its average value
〈(G(p′,p)− 〈G(p′,p)〉imp)2〉imp → 0, (23)
whih is
〈G(p′,p)〉imp = δp,p′G0(p′) + 〈gp−p′〉impG0(p′)Ue(p− p′,p′)G0(p)
+
∑
q
〈g
q−p′gp−q〉impG0(p′)Ue(q − p′,p′)G0(q)Ue(p− q,q)G0(p)
+
∑
q,q′
〈g
q−p′gq′−qgp−q′〉impG0(p′)Ue(q− p′,p′)G0(q)Ue(q′ − q,q)G0(q′)Ue(p− q′,q′)G0(p) + . . .
6In the thermodynami limit A→∞:
〈g
q
〉imp = Nimpδq,0,
〈g
q
g
p
〉imp = N2impδp,0δq,0 +Nimpδq+p,0,
〈g
q
′g
q
g
p
〉imp = N3impδq′,0δq,0δp,0 +N2imp(δp+q,0δq′,0 + δq+q′,0δp,0 + δp+q′,0δq,0) +Nimpδq′+q+p,0. (24)
Moreover, one has
Ue(0,p) = U(0)f(0,p) = U(0)2ie−|ℓ(0)|
2/4 sin
(
0 ∧ p
2
)
= 0. (25)
Substituting Eqs. (24) and Eq. (25) into the expression for 〈G(p)〉imp shows that the translational invariane is reov-
ered after the averaging 〈G(p′,p)〉imp = 〈G(p)〉impδp′,p, where
〈G(p)〉imp = G0(p) +Nimp
∑
q
G0(p)Ue(q− p,p)G0(q)Ue(p− q,q)G0(p)
+Nimp
∑
q,q′
G0(p)Ue(q− p,p)G0(q)Ue(q′ − q,q)G0(q′)Ue(p− q′,q′)G0(p) + . . . .
(26)
Therefore, there is no 1st order Born sattering ontribution to the bosoni self-energy. Moreover, it is possible to
show that all odd order ontributions to the self-energy vanish (see Appendix A).
U   (p-q,q) eU   (q-p,p) e
N
imp
q
(p) =
Figure 2: Self-energy in the low-density weak sattering ap-
proximation.
This result is expressed diagrammatially in Fig. 1. It
was shown
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that the disorder averaged Green's funtion
an also be expressed as
〈G(p)〉imp = 1
ω − ω
p
− Σ(p, ω) . (27)
Hene, the self-energy must now be omputed. The
low-density weak sattering approximation will be used
throughout the alulations. Low density means that the
number of disorder atoms present in the system is taken
to be muh lower than the number of eletrons, while the
weak-sattering approximation signies that the satter-
ing potential indued by a given impurity atom is weak,
suh that only the rst and seond-order Born satterings
are aounted for. The problem then redues to solving
the diagrammati expression shown in Fig. 2.
The self-energy an be evaluated in two dierent man-
ners: 1) the bare approximation that uses the bare
propagator G0 and 2) the self-onsistent approximation
that uses the full disorder self-averaged Green's funtion
〈G〉imp. Therefore, for generality we will use the propa-
gator G(q, ω), whih is going to be speied further for
eah partiular ase. This yields algebraially
Σ(p, ω) = Nimp
∑
q
Ue(q− p,p)G(q, ω)U e(p− q,q)
= Nimp
∑
q
U(q− p)f(q− p,p)G(q, ω)U(p− q)f(p− q,q),
(28)
where Eq. (11) was substituted in the seond line.
In this work, the impurity potential is assumed to be short-range, i.e. U(q) = onstant. An uniform potential
in momentum spae is attained from a delta funtion interation in real spae, U(r) = Uδ(r) (suh that U(q) =
(1/A)
∫
dreiq·rUδ(r) = U/A). Thus, this model assumes that the bosons (and therefore the eletrons) ollide diretly
with the impurity 'atoms' that onstitute the eetive disorder potential; in reality, most of the impurities are loated
7away from the 2DEG. Thus, one has
Σ(p, ω) = Nimp
∑
q
(
U
A
)2 [
2ie−|ℓ(q−p)|
2/4 sin
(
(q− p) ∧ p
2
)]
G(q, ω)
[
2ie−|ℓ(p−q)|
2/4 sin
(
(p− q) ∧ q
2
)]
= 4Nimp
(
U
A
)2∑
q
e−|ℓ(q−p)|
2/2 sin2
(
q ∧ p
2
)
G(q, ω).
(29)
One then expands the argument of the exponential:
e−|ℓ(q−p)|
2/2 = e−|ℓq|
2/2e−|ℓp|
2/2eℓ
2
q·p = e−(ℓq)
2/2e−(ℓp)
2/2eℓ
2qp cosφ. (30)
Here, φ denotes the angle between vetors q and p. Furthermore, the summation is transmuted into an integration
through the use of the formula,
∑
q
=
A
4π2
∫
d2q =
A
4π2
∫ ∞
0
dq q
∫ 2π
0
dθ. (31)
The angle θ is taken arbitrarily on the plane ontaining the vetor q, therefore, one is free to set θ = φ. The sine
squared term in Eq. (29) an be re-written as sin2(q ∧ p/2) = [1 − cos(q ∧ p)]/2 = [1 − cos(ℓ2qp sinφ)]/2. We also
assume rotation invariane of the Green's funtion G(q, ω) = G(q, ω). Hene, the self-energy is also rotation invariant
and an be expressed as
Σ(p, ω) = 4nimpU
2
∫ ∞
0
dq
2π
qe−(ℓq)
2/2e−(ℓp)
2/2G(q, ω)
∫ 2π
0
dφ
2π
eℓ
2qp cosφ 1
2
[1− cos(ℓ2qp sinφ)], (32)
where nimp = Nimp/A stands for the impurity density. After a straightforward alulation (see Appendix B), we nd
Σ(p, ω) = 4nimpU
2
∫ ∞
0
dq
2π
qe−(ℓq)
2/2e−(ℓp)
2/2G(q, ω)
1
2
[I0(ℓ
2qp)− 1]. (33)
Resaling the momenta by q,p→ q/ℓ,p/ℓ simplies the self-energy to
Σ(p, ω) =
u
4
ǫ2Be
−p2/2
∫ ∞
0
dq qe−q
2/2[I0(qp)− 1]G(q, ω), (34)
where the various pre-fators, inluding the disorder potential strength and the impurity density, an be re-grouped
into a single onvenient parameter:
u =
4nimpU
2
πℓ2ǫ2B
, (35)
whih will be dubbed the disorder strength. Thus, u is a dimensionless parameter that measures the disorder interation
strength relative to the Coulomb interation, u ≈ (Edis/Ecoul)2. The above self-energy expression will be evaluated
in two dierent ways: i) rst order orretions in u and ii) self- onsistently.
A. Bare Approximation
In the bare approximation the self-energy (34) beomes
Σ(p, ω) =
u
4
ǫ2Be
−p2/2
∫ ∞
0
dq qe−q
2/2[I0(qp)− 1]G0(q, ω). (36)
After substituting Eq. (21) into the above, we obtain
Σ(p, ω) =
u
4
ǫ2Be
−p2/2
∫ ∞
0
dq qe−q
2/2 I0(qp)− 1
ω − ω
q
+ iη
. (37)
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Figure 3: (Color online) (a) Renormalized dispersion in the bare full k approximation (blue), in units of the Coulomb energy
e2/(ǫℓ), ontrasted with the one in the bare long wavelength approximation (red), both as funtions of the momentum |pℓ| and at
u = 0.1. (b) Renormalized spin stiness in the bare full k approximation (blue) and in the bare long wavelength approximation
(red). Notie that using the bare Green's funtion G0 we nd a transition from a ferromagneti to a paramagneti phase,
whereas using G in the self-onsistent approximation we nd a transition into a spin glass phase (see next setion).
Making use of the identity (for η → 0+),
1
x+ iη
= P 1
x
− iπδ(x), (38)
we nd the real and imaginary parts of the self-energy
ReΣ(p, ω) =
u
4
ǫ2Be
−p2/2P
∫ ∞
0
dq qe−q
2/2 I0(qp)− 1
ω − ωq , (39)
ImΣ(p, ω) = −u
4
ǫ2Be
−p2/2
∫ ∞
0
dq qe−q
2/2[I0(qp)− 1]πδ(ω − ωq). (40)
The above equations an be evaluated analytially in the long wavelength approximation, whih is done in Appendix
C. Here, one uses the omplete bosoni dispersion relation given by Eq. (2). As a result, one an only solve the
imaginary self-energy numerially; that task is not performed here. We onentrate, instead, on the real part.
The renormalized energy of the bosons (inluding the disorder ontribution) is obtained by looking at the poles
of the full disorder self-averaged Green's funtion in Eq. (27), ω − ω
p
− ReΣ(p, ω) = 0, suh that the renormalized
dispersion relation is determined from Eq. (39):
ω = g + ǫB
[
1− e−p2/4I0
(
p2
4
)]
+
u
4
ǫ2Be
−p2/2P
∫ ∞
0
dq qe−q
2/2 I0(qp)− 1
ω −
[
g + ǫB
(
1− e−q2/4I0
(
q2
4
))] . (41)
The orresponding plot is illustrated on Fig. 3(a). One an notie that at not too large momenta (i.e. near |pℓ| = 1)
there exists already a substantial dierene between the bare (long wavelength) and bare (full k) approximations.
Now, the renormalized spin stiness is sought for. For the sake of onveniene, one begins by introduing the
variables ω˜, g˜ = ω/ǫB, g/ǫB and re-writing Eq. (41) as
ω˜ − g˜ = 1− e−p2/4I0
(
p2
4
)
+
u
4
e−p
2/2P
∫ ∞
0
dq qe−q
2/2 I0(qp)− 1
(ω˜ − g˜)−
[
1− e−q2/4I0
(
q2
4
)] . (42)
One then expands the above in powers of p,
ω˜ − g˜ = 1−
(
1− p
2
4
+ . . .
)(
1 +
p4
64
+ . . .
)
+
u
4
(
1− p
2
2
+ . . .
)
P
∫ ∞
0
dq qe−q
2/2
(
1 + q
2p2
4 + . . .− 1
)
(ω˜ − g˜)−
[
1− e−q2/4I0
(
q2
4
)] , (43)
9and one takes only the p2 terms,
ω˜ − g˜ = p
2
4
− u
4
p2
4
∫ ∞
0
dq
q3e−q
2/2[
1− e−q2/4I0
(
q2
4
)] + . . .
=
p2
4
[
1− u
4
(5.72)
]
+ . . .
(44)
The renormalized spin stiness then reads
ρs =
ǫB
4
(1− 1.43u). (45)
Eq. (45) is the main result of this setion. The above expression was derived in the bare approximation, whih takes
into aount only the lowest order orretions in u. Suh assumption is only true in the realm of weak-disorder
sattering.
21
It an be seen that the renormalized spin stiness dereases linearly in this approximation. A naive
extrapolation of this dependene to the region of nite and strong disorder strength shows that there is a ertain
value up = 0.7, for whih the renormalized spin stiness vanishes (in the long wavelength approximation up = 1), see
Fig. 3(b). Green
1
explains that a vanishing renormalized spin stiness at a threshold disorder strength means that the
2DEG at ν = 1 undergoes a quantum phase transition from a ferromagneti state to a paramagneti one. Thus, one
an infer that the quantum Hall ferromagnet undergoes a disorder-driven quantum phase transition to a paramagneti
state at ritial disorder strength up = 0.7. It is also interesting to remark that Green established this general nding
in the domain of the weak disorder limit (though in the ontext of a dierent model). The results obtained in this
setion annot be diretly ompared quantitatively with those of Green
1
, Sinova et al.
2
and Rapsh et al.
3
In addition
to the fat that the model used in the studies of Green is dierent, he does not omplement his proposition on the
vanishing of the renormalized spin stiness with some quantitative results. Sinova et al.
2
use a disparate variable in
the ratio of the interation strength to the Landau-level broadening disorder energy sale. Finally, Rapsh et al.
3
perform their numerial alulations on a semilassial spin model.
In the next setion we evaluate the self-energy using the so-alled self-onsistent approximation and show that the
renormalized spin stiness drastially hanges its behavior, whih leads to ompletely dierent onlusions about the
phase transition.
IV. SELF-CONSISTENT APPROXIMATION
The self-onsistent approximation means that the self-energy is evaluated with the total disorder averaged Green's
funtion (27) instead of the bare one. Therefore, one has (see Eq. (34))
Σu(p, ω) =
u
4
ǫ2Be
−p2/2
∫ ∞
0
dq qe−q
2/2[I0(qp)− 1]〈Gu(q, ω)〉imp, (46)
Now, by referring to the omputations arried out in the previous setion and substituting Eq. (27), one gets
Σu(p, ω) =
u
4
ǫ2Be
−p2/2
∫ ∞
0
dq qe−q
2/2 I0(qp)− 1
ω − ωq − Σu(q, ω) . (47)
Using that
I0(qp)− 1 =
∞∑
n=1
(qp)2n
(2nn!)2
, (48)
one has
Σu(p, ω) =
u
4
ǫ2Be
−p2/2
∞∑
n=1
p2n
(2nn!)2
∫ ∞
0
dq
q2n+1e−q
2/2
ω − ωq − Σu(q, ω) . (49)
Thus, one an write
Σu(p, ω) = e
−p2/2
∞∑
n=1
σn(ω, u)p
2n, (50)
10
with
σn(ω, u) =
u
4(2nn!)2
ǫ2B
∫ ∞
0
dq
q2n+1e−q
2/2
ω − ωq − Σu(q, ω) . (51)
Using suh expansion allows one to promptly get a numerial solution by iterations (see Fig. 4). The onvergene of
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Figure 4: Real part of the renormalized spin stiness as a funtion of the disorder strength u in units of ǫB/4.
the iterative solution is rather good up to some value of the disorder onentration uc. However, when u → uc, we
nd that ∂uσ1(0, u) → ∞. Therefore, it would be desirable to derive an analytial solution in the neighborhood of
uc. For onveniene, we omit the arguments of σn in our notation in the next part. In general,
∂Σu(p, ω)
∂u
=
Σu(p, ω)
u
+
u
4
ǫ2Be
−p2/2
∫ ∞
0
dq qe−q
2/2 I0(qp)− 1
(ω − ωq − Σu(q, ω))2
∂Σu(q, ω)
∂u
, (52)
or equivalently
∂σn
∂u
=
σn
u
+
u
4(2nn!)2
ǫ2B
∫ ∞
0
dq
q2n+1e−q
2/2
(ω − ωq − Σu(q, ω))2
∂Σu(q, ω)
∂u
. (53)
Introduing for simpliity
Fn ≡ ǫ2B
∫ ∞
0
dq
q2n+1e−q
2
[ω − ωq − Σu(q, ω)]2 (54)
one nds
∂σn
∂u
=
σn
u
+
u
4(2nn!)2
∞∑
k=1
Fn+k
∂σk
∂u
. (55)
Introduing a matrix notation
Bm,n ≡ δm,n − uFm+n
2m+n+2m!n!
, (56)
Eq. (55) reads
∞∑
k=1
Bn,k2
kk!
∂σk
∂u
=
2nn!σn
u
. (57)
Its solution is found by omputing the inverse matrix to
Eq. (56) and has the form
∂σn
∂u
=
2−n
un!
∞∑
k=1
B−1n,k2
kk!σk. (58)
Substituting this result into
d(det(B)2)
du
= 2det(B)
(
∂ det(B)
∂u
+
∞∑
n=1
∂ det(B)
∂σn
∂σn
∂u
)
,
yields
d(det(B)2)
du
= −κ(u), (59)
where
κ(u) ≡ −2 det(B)∂ det(B)
∂u
−2 det(B)
∞∑
n,k=1
∂ det(B)
∂σn
2k−nk!
un!
σkB
−1
n,k,
11
with
∂ det(B)
∂u
= det(B)Tr
(
B−1
∂B
∂u
)
= − 1
u
det(B)Tr(B−1 − I)
and
∂ det(B)
∂σn
= −
∞∑
m,k=1
det(B)B−1k,m
u
2m+k+2m!k!
∂Fm+k
∂σn
,
where
∂Fm
∂σn
= 2ǫ2B
∫ ∞
0
dq
q2n+2m+1e−3q
2/2
[ω − ωq − Σ(q, ω)]3 .
Suppose that det(B) → 0 when u → uc. In this ase
B−1 det(B) remains nite, as well as κ(u). This suggests
that
∂σn
∂u
→∞. (60)
when u→ uc, sine the other terms are nite. Moreover,
if κ(u) is a smooth funtion around uc, suh that κ(uc) ≈
κ(u0) for some u0 from the neighborhood of uc, then
aording to Eq. (59) there holds
det[B(u)] =
√
κ(uc)(uc − u) +O(uc − u). (61)
It follows then from Eq. (61) that uc ≈ u0 +
det[B(u0)]
2/κ(u0) as long as u0 → uc. However, the
analysis of the innite dimensional matrix B and its de-
terminant is quite ompliated, whih fores us to use
an approximate solution, where we keep only the rst 40
terms in the expansion, thus reduing the dimension of
the matries to 40× 40. In the absene of Zeeman split-
ting (g = 0), for ω = 0, and u0 = 0.238 one nds, setting
ǫB = 1, that det[B(u0)] = 0.0551776 and κ(u0) = 9.7945,
whih yields uc = 0.238311 in exellent agreement with
the numerial solution. The approximation also allows to
hek the validity of Eq. (58), whih yields σ′1 = −9.384
at the point u0 = 0.238 (here the prime stands for the
partial derivative with respet to u). On the other hand,
the numerial solution for the two points u0 = 0.238 and
u1 = 0.23801 yields ∆σ1/∆u = −9.463, whih agrees
reasonably well with the previous result. The main dif-
ferene stems from the fat that u0 = 0.238 is rather
lose to the ritial point uc, where the derivative di-
verges, so the value ∆u = 10−5 is still rather large and,
of ourse, omputational errors and approximation with
nite number of terms make the result not very preise.
Furthermore, it follows from Eq. (58) that σ′n det(B) re-
mains nite with u→ uc. Thus,
σn(u)− σn(u0) =
∫ u
u0
dv
∂σn(v)
∂v
≈ det[B(u0)]σ
′
n(u0)√
κ(u0)
∫ u
u0
dv(uc − v)−1/2, (62)
whih leads to
σn(u) = σn(uc) + [σn(u0)− σn(uc)] det[B(u)]
det[B(u0)]
(63)
after performing the integration, where σn(uc)−σn(u0) =
2(uc − u0)σ′n(u0). From this analyti solution one may
observe that σn and, onsequently, Σ(p, ω) aquires an
imaginary part when u > uc. In partiular, onsidering
n = 1, for the ase at hand σ1(u0) = −0.161742 and
σ1(uc) = −0.167576. Dening
α ≡ − lim
u→uc
2σ′1(u) det[B(u)]√
κ(u)
, (64)
the value of α an be evaluated without any tting pa-
rameters diretly from Eqs. (58) and (60), whih yields
α = 0.331. It follows diretly from the above that the
renormalized spin stiness now obeys
ρs(u) = ρs(uc) + αǫB
√
uc − u, (65)
where ρs(uc) = ǫB(σ1(uc)+1/4). Both numerial and an-
alyti results for ρs(u) are plotted in Fig. 5, whih shows
that the analyti solution remains in exellent agreement
with the numerial one even for those values of u, whih
are far from the ritial point uc. The whole behavior of
the renormalized spin stiness is very similar to the one
obtained by Chalker et al.,
3
desribing a spin glass phase
transition. Moreover, suh dependene of the renormal-
ized spin stiness as a square root funtion of a ontrol
parameter was already observed previously by Shender,
17
as well as by Avgin et al.
16
They onsidered the two-
and tree- dimensional ±J Heisenberg spin glass model
in a ferromagneti ground state due to a strong external
magneti eld. They found that for a ertain value of
the ontrol parameter, ρs(u) aquires an imaginary part.
The real part of ρs(u) is proportional to the spin wave
stiness, whereas the imaginary part is proportional to
the damping of the spin wave exitations, thus signalling
loalization. It was argued that when the frequeny of
the spin-wave exitation ω multiplied by its lifetime τ
is ωτ = Re[ρs(u)]/Im[ρs(u)] < 1, then the spin waves
are ompletely loalized. As we an see from the Fig. 5,
the ondition of loalization is already satised for the
values of the disorder strength starting from u = 0.3.
The alulations presented in the Appendix D ontain a
strong indiation that the Pauli suseptibility diverge at
the point u = uc, suggesting a phase transition from a
ferromagneti ground state to a spin glass state,
3
sine
the spin waves beome loalized.
Our disussion was mainly onerned with the stati
ase ω = 0. However, our approah allows to nd
Σ(p, ω) for any given ω. The dispersion spetrum in
the self-onsistent approximation then satises ω − ωp −
ReΣ(p, ω) = 0.
12
0.2 0.4 0.6 0.8
0.2
0.4
0.6
0.8
1
1.2
s
ρ
u
Figure 5: (Color online) Real (blak) and imaginary (blue)
parts of the renormalized spin stiness in units of ǫB/4 as
funtions of the disorder strength u. (Square - analyti solu-
tion, star - numerial)
V. CONCLUSIONS & OUTLOOK
This paper aounts for the presene of both disorder
and interations in a 2DEG at Landau level lling fator
ν = 1, whose ground state onstitutes the well-known
quantum Hall ferromagnet. The bosonization tehnique
developed by Doretto et al.
11
was employed in order to
failitate the treatment of both disorder and interations
in this strongly orrelated system. The bosonization
proedure onsists in treating the spin wave (magnon)
exitation as a boson suh that the fermioni Hamilto-
nian of the system an be approximately reast into a
Hamiltonian expressed in terms of bosoni operators. As
a onsequene, the interation between eletrons up to
RPA level was inorporated within the bare propaga-
tor that represents the free boson. The intent was then
to identify a disorder-driven quantum phase transition
to a non-ferromagneti state by analyzing the behavior
of the renormalized spin stiness as a funtion of the
disorder strength, whih itself orresponds to the ratio
squared of the disorder energy sale to the Coulomb en-
ergy one. To ahieve this aim, rstly, we derived the
bosoni expression for the Hamiltonian of the system.
In the seond stage, the fous was on seeking out the
disorder self-averaged Green's funtion, whih is the full
bosoni Green's funtion averaged over the impurity po-
sitions. Then, by using the Dyson's equation, we ob-
tained a diagrammati representation of the self-energy.
The latter was subsequently omputed within the frame-
work of the low-density weak-sattering approximation.
Low density means that the number of disorder atoms
present in the system is taken to be muh lower than the
number of eletrons, while the weak-sattering approx-
imation signies that the sattering potential indued
by a given impurity atom is weak, suh that only the
rst and seond-order Born satterings are aounted for.
As a result, the self-energy orresponded to a single di-
agram. Furthermore, the self-energy was evaluated in
three dierent approximations: 1) the bare (long wave-
length) approximation, whih onsists in using the bare
bosoni propagator and keeping the lowest order terms
in momenta, 2) the bare (full k) approximation, whih
uses as well the bare bosoni propagator but with all
the momenta terms kept in the alulation and, nally,
3) the self-onsistent approximation, whih uses the full
disorder averaged Green's funtion instead of the bare
one in the self-energy diagram. Then, the renormalized
spin stiness was determined by extrating the oe-
ient of the quadrati term in the dispersion relation to-
gether with the ontribution from the self-energy. In the
ase of the bare (long wavelength) approximation, the
spin stiness was found to vanish linearly at the disor-
der strength up = 1. For the bare (full k) sheme, the
spin stiness also vanished linearly, but at the disorder
strength up = 0.7. These results suggest the ourrene
of a disorder-driven quantum phase transition from the
ferromagneti phase to a paramagneti one at the riti-
al value up = 0.7. Lastly, the self-onsistent alulation
revealed a ompletely dierent behavior: the real part
of the renormalized spin stiness also initially dereases
with inreasing the disorder strength u, but then it satu-
rates without reahing zero beyond a ritial value uc, at
whih it (and the self-energy) aquires an imaginary om-
ponent. Aording to the Shender riterium,
17
the spin
waves beome ompletely loalized when the imaginary
part of the renormalized spin stiness beomes larger
than the real part, whih ours in our system for u > 0.3
(see Fig. 5).
The physial mehanism behind a phase transition
from the ferromagneti ground state an be understood
by onsidering eletrons ompletely lling the lowest Lan-
dau level (ν = 1) in the presene of some inhomoge-
neous eletrostati bakground (disorder). Then, for suf-
iently strong impurity potential, by adjusting the ele-
tron density to the eletrostati bakground, the system
would gain more energy than is needed to rearrange the
spin onguration. In this ase the ferromagneti state
does not minimize the total energy of the system and a
phase transition should take plae. This quantum phase
transition ould be deteted by alulating the behavior
of the magneti suseptibility as a funtion of the disor-
der strength. A sharp peak is antiipated at the transi-
tion point. In partiular, if the energy ost for exiting a
spin wave is less than the gain in the eletrostati energy,
then the renormalized spin stiness beomes negative and
the system undergoes a phase transition to a paramag-
neti state with zero loal magnetization. On the other
hand, as it was argued by Rapsh et al.,
3
in the ase of a
smoothly varying impurity potential, keeping nonzero lo-
al magnetization is still energetially favorable and the
eletrostati energy is lowered by sreening the impurity
potential due to the formation of spin textures. At strong
disorder suh phase would orrespond to a spin glass and
the spin textures might be onsidered as the loalized
spin waves. Thus, the harater of the phase transition
might depend on the nature of the disorder. The al-
ulations performed within our model indiate that the
Pauli suseptibility diverges at the same ritial point
13
of the disorder strength uc, where an imaginary part of
the renormalized spin stiness appears, thus suggesting
a phase transition to a spin glass phase.
Our approah an be extended for the ase of bilayer
systems in the presene of disorder. In fat, Fertig and
Murthy
22
have already onsidered suh systems. Thus, it
would be interesting to apply our formalism to the ase
of a bilayer system with the total lling fator νT = 1
and ompare the results.
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Appendix A: THIRD ORDER DIAGRAM
Let us now evaluate the 3rd order diagram ontribution to the self-energy. Its diagrammati representation is shown
in Fig. 6.Algebraially, we have
Σ(3)(p, ω) = Nimp
∑
q,q′
Ue(q − p,p)G(q, ω)Ue(q′ − q,q)G(q′, ω)Ue(p− q′,q′)
= Nimp
∑
q,q′
U(q− p)f(q− p,p)G(q, ω)U(q′ − q)f(q′ − q,q)
×G(q′, ω)U(p− q′)f(p− q′,q′).
(A1)
Here again, the impurity potential is short-range U(q) = onstant = U/A. By replaing all the funtions dened
N
imp
  U  (q-p,p)     e
  U   (q’-q,q)     e
U   (p-q’,q’) e
q q’
=(p)
(3)
Figure 6: Diagrammati representation of the third order diagrammati ontribution to the self-energy.
previously, we nd
Σ(3)(p, ω) = Nimp
∑
q,q′
(
U
A
)3 [
2ie−|ℓ(q−p)|
2/4 sin
(
(q− p) ∧ p
2
)]
G(q, ω)
×
[
2ie−|ℓ(q
′−q)|2/4 sin
(
(q′ − q) ∧ q
2
)]
G(q′, ω)
[
2ie−|ℓ(p−q
′)|2/4 sin
(
(p− q′) ∧ q′
2
)]
= Nimp
∑
q,q′
(
U
A
)3
(2i)3e−|ℓ(q−p)|
2/4e−|ℓ(p−q
′)|2/4e−|ℓ(q
′−q)|2/4︸ ︷︷ ︸
Term a
sin
(
q ∧ p
2
)
sin
(
p ∧ q′
2
)
︸ ︷︷ ︸
Term b
× sin
(
q
′ ∧ q
2
)
︸ ︷︷ ︸
Term 
G(q, ω)G(q′, ω).
(A2)
It is lear that Terms a and b are symmetri under the interhange q↔ q′ while Term  is antisymmetri. Thus, one
has
Σ(3)(p, ω) = 0 (A3)
This result holds true in both the full bare and self-onsistent approximations.
As a matter of fat, due to the antisymmetri property of the wedge produt within the sine term, it turns out that
all odd order terms vanish.
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Appendix B: DETAILED DERIVATION OF THE SELF-ENERGY
We prove here the expressions (39) and (40). We begin with the expression of the self-energy given by Eq. (32)
Σ(p, ω) = 4nimpU
2
∫ ∞
0
dq
2π
qe−(ℓq)
2/2e−(ℓp)
2/2G(q, ω)
∫ 2π
0
dφ
2π
eℓ
2qp cosφ 1
2
[1− cos(ℓ2qp sinφ)]. (B1)
One rst deals with the polar integral,∫ 2π
0
dφ
2π
eℓ
2qp cosφ 1
2
[1− cos(ℓ2qp sinφ)] = 1
2
∫ 2π
0
dφ
2π
eℓ
2qp cosφ − 1
2
∫ 2π
0
dφ
2π
eℓ
2qp cosφ cos(ℓ2qp sinφ). (B2)
The two terms are evaluated separately. For the rst term, one must note that
23
eℓ
2qp cosφ = I0(ℓ
2qp) + 2
∞∑
n=1
In(ℓ
2qp) cos(nφ),
suh that
1
2
∫ 2π
0
dφ
2π
eℓ
2qp cosφ =
1
2
I0(ℓ
2qp)
∫ 2π
0
dφ
2π
+ 2
∞∑
n=1
In(ℓ
2qp)
1
2
∫ 2π
0
dφ
2π
cos(nφ) =
1
2
I0(ℓ
2qp). (B3)
The seond term
1
2
∫ 2π
0
dφ
2π
eℓ
2qp cosφ cos(ℓ2qp sinφ) =
1
2
∫ 2π
0
dφ
2π
exp[ℓ2qp · exp(iφ)] = 1
2
(B4)
Substituting Eqs. (B3) and (B4) bak into Eq. (B2) then yields the simpler expression,∫ 2π
0
dφ
2π
eℓ
2qp cosφ 1
2
[1− cos(ℓ2qp sinφ)] = 1
2
[I0(ℓ
2qp)− 1].
Now, substituting the above bak into Eq. (B1) we nd
Σ(p, ω) = 4nimpU
2
∫ ∞
0
dq
2π
qe−(ℓq)
2/2e−(ℓp)
2/2G(q, ω)
1
2
[I0(ℓ
2qp)− 1]. (B5)
Appendix C: BARE (LONG WAVELENGTH) APPROXIMATION
To evaluate the self-energy within the long-wavelength approximation, we must return to Eq. (29). Firstly, one
remarks that the sine squared term in Eq. (29) greatly simplies,
sin2
(
q ∧ p
2
)
≈
(
q ∧ p
2
)2
=
1
4
[ℓ2zˆ · (q× p)]2 = 1
4
(ℓ2|q× p|)2 = 1
4
ℓ4|q|2|p|2 sin2 φ. (C1)
Then, substituting Eq. (C1) into Eq. (29) yields:
Σ(p, ω) = nimpU
2ℓ4
∫ ∞
0
dq
2π
q3e−(ℓq)
2/2p2e−(ℓp)
2/2G0(q, ω)
∫ 2π
0
dφ
2π
eℓ
2pq cosφ sin2 φ. (C2)
The polar integral then turns out to math
23
∫ 2π
0
dφ
2π
eℓ
2pq cosφ sin2 φ =
1
2
[I0(ℓ
2pq)− I2(ℓ2pq)]. (C3)
The series expansion for Eq. (C3) gives (x ≡ ℓ2pq)
I0(x) − I2(x) =
[
1 +
x2
4
+ . . .
]
−
[
x2
8
+ . . .
]
= 1 +
x2
8
+ . . .
(C4)
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Eq. (C2) already holds a q3p2 term and therefore a q5p4
term is not needed in the long wavelength approximation.
Thus, one assumes that
I0(ℓ
2pq)− I2(ℓ2pq) ≈ 1. (C5)
Moreover, the momenta are resaled as q,p → q/ℓ,p/ℓ.
As a result, Eq. (C2) simplies to
Σ(p, ω) =
nimpU
2
4πℓ2
p2e−p
2/2
∫ ∞
0
dq q3e−q
2/2 1
ω − ωq + iη ,
where we replaed G0(q, ω) by its denition (see
Eq. (21)). One an then make use of the identity
20
1
x+ iη
= P 1
x
− iπδ(x), (C6)
where P symbolizes the Cauhy prinipal value of the
integral. Consequently, one has
ReΣ(p, ω) =
(ǫB
4
)2
u p2e−p
2/2P
∫ ∞
0
dq
q3e−q
2/2
ω − ωq , (C7)
ImΣ(p, ω) = −
(ǫB
4
)2
u p2e−p
2/2
∫ ∞
0
dq q3e−q
2/2
× πδ(ω − ωq).
(C8)
Let us rst examine the real part of the self-energy,
whih atually denotes the physial self-energy.
It has been shown
11
that in the long wavelength ap-
proximation the bosoni dispersion relation for q an be
written as
ω
q
= g +
ǫB
4
q2. (C9)
The physial self-energy then beomes
ReΣ(p, ω) =
(ǫB
4
)2
u p2e−p
2/2P
∫ ∞
0
dq
q3e−q
2/2
ω − g − ǫB4 q2
.
(C10)
Let us then work temporarily with the new quantities
ω¯ =
4ω
ǫB
and g¯ =
4g
ǫB
, (C11)
suh that the self-energy is re-written as
ReΣ(p, ω¯) =
ǫB
4
u p2e−p
2/2P
∫ ∞
0
dq
q3e−q
2/2
ω¯ − g¯ − q2 .
Now, one performs a hange of variable in the q momen-
tum: q → q˜ = q2. One must note that qdq = d(q2)/2 and
that the integration limits are not altered. Consequently,
one gets
ReΣ(p, ω¯) =
ǫB
4
u p2e−p
2/2P
∫ ∞
0
dq˜
2
q˜e−q˜/2
ω¯ − g¯ − q˜ . (C12)
A further hange of the integration variable is performed
q˜ → k = ω¯ − g¯ − q˜, leading to
ReΣ(p, ω¯) = − ǫB
4
u p2e−p
2/2P
∫ −∞
ω¯−g¯
dk
2
(ω¯ − g¯ − k)e−(ω¯−g¯−k)/2 1
k
=
ǫB
4
u p2e−p
2/2


(
ω¯ − g¯
2
)(
P
∫ ω¯−g¯
−∞
d
(
k
2
)
e(k/2)(
k
2
)
)
︸ ︷︷ ︸
Term a
e−(ω¯−g¯)/2
− 1
2
(
P
∫ ω¯−g¯
−∞
dk k
ek/2
k
)
︸ ︷︷ ︸
Term b
e−(ω¯−g¯)/2

 .
(C13)
Term a orresponds to the denition of the exponential
integral funtion;
23
Ei
(
ω¯ − g¯
2
)
= P
∫ ω¯−g¯
−∞
d
(
k
2
)
e(k/2)(
k
2
) , (C14)
whereas Term b an be straightforwardly integrated,
P
∫ ω¯−g¯
−∞
dk k
ek/2
k
=
∫ 0
−∞
dk˜ e(k˜+ω¯−g¯)/2
=
(∫ 0
−∞
dk˜ ek˜
)
e(ω¯−g¯)/2 = 2e(ω¯−g¯)/2,
(C15)
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where the shift of variable k → k˜ = k− (ω¯− g¯) was used
in the rst step.
Thus, the physial self-energy beomes
ReΣ(p, ω¯) =
ǫB
4
u p2e−p
2/2 [−1
+
(
ω¯ − g¯
2
)
Ei
(
ω¯ − g¯
2
)
e−(ω¯−g¯)/2
]
.
(C16)
The renormalized energy of the bosons is obtained by
looking at the poles of the full disorder self-averaged
Green's funtion,
ω − ω
p
− ReΣ(p, ω) = 0. (C17)
Consequently, in the long wavelength approximation, the
renormalized dispersion relation takes the form
ω¯ − g¯ = p2 + u p2e−p2/2 [−1
+
(
ω¯ − g¯
2
)
Ei
(
ω¯ − g¯
2
)
e−(ω¯−g¯)/2
]
.
(C18)
It is straightforward to notie that the renormalized
spin stiness, whih orresponds to the oeient of the
p2 term, is given by
ρRs =
ǫB
4
(1− u). (C19)
We now turn to the imaginary part of the self-energy
given by Eq.(C8). In the long wavelength approximation,
the Dira delta funtion beomes
δ(ω − ωq) ≈ δ
(
ω −
(
g +
ǫB
4
q2
))
=
4
ǫB
δ(ω¯ − g¯ − q2).
(C20)
By performing a hange of variable in the q momentum,
q → q˜ = q2 and replaing Eq. (C20) into Eq. (C8) one
gets
ImΣ(p, ω¯) = −π
2
u p2e−p
2/2(ω − g)e−2(ω−g)/ǫB . (C21)
Finally, the sattering time, whih amounts to the life-
time of the bosoni exitation, is given by
1
τ
p
= πu p2e−p
2/2(ω − g)e−2(ω−g)/ǫB . (C22)
It is lear that τ
p
→ ∞ when ω → g, i.e. low energy
quasipartiles are long-lived, with nite lifetime indued
by disorder.
Appendix D: PAULI SUSCEPTIBILITY
The Pauli suseptibility in ase of linear response is
given by the Kubo formula:
χzz(x,x
′; t− t′) = i〈TtSz(x, t)Sz(x′, t′)〉. (D1)
Using the Fourier transformation
Sz(x, t) =
∑
q
Sz(q, t)e
iq·x, (D2)
the suseptibility an be written as
χzz(q,q
′; t− t′) = i〈TtSz(q, t)Sz(q′, t′)〉. (D3)
On the other hand, the operators Sz(q, t) an be written
in the bosonized form
11
Sz(q, t) =
Nφ
2
δ
q,0− e−q
2/4
∑
p
cos
(
q ∧ p
2
)
b†
q+p(t)bp(t),
where b
p
(t) = eiHtb
p
e−iHt. Thus, after substitution
χzz(q,q
′; t− t′) = ie−q2/2
∑
p,p′
cos
(
q ∧ p
2
)
cos
(
q ∧ p′
2
)
× 〈Ttb†
q+p(t)bp(t)b
†
q
′+p′(t
′)b
p
′(t′)〉.
Evaluation of the expetation value yields
χzz(q,q
′; t− t′) = −ie−q2/2
∑
p,p′
cos
(
q ∧ p
2
)
cos
(
q ∧ p′
2
)
×G(p′ + q′,p; t− t′)G(p+ q,p′; t′ − t),
using the notation dened earlier in Eq. (13). Expand-
ing the Green's funtion G(p,q; t − t′) into the Born
series and performing the disorder averaging one reov-
ers the translational invariane 〈χzz(q,q′; t − t′)〉imp =
δ
q+q′,0χzz(q, t − t′). Moreover, performing the Fourier
transformation in the time variable t and introduing
P (p,q;ω, ǫ) ≡
∑
p
′
cos
(
q ∧ p′
2
)
× 〈G(p′ − q,p;ω + ǫ)G(p+ q,p′;ω)〉imp
the suseptibility is
χzz(q, ǫ) =
−iAe−q2/2
(2π)3
∫
dp
∫ ∞
−∞
dω cos
(
q ∧ p
2
)
P (p,q;ω, ǫ). (D4)
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In the self onsistent approximation the funtion P (p,p′;ω, ǫ) obeys20
P (p,p′;ω, ǫ) = G(p, ω + ǫ)G(p+ p′, ω)
[
cos
(
p ∧ p′
2
)
+
ANimp
(2π)2
∫
dqUe(p− q,q)Ue(q− p,p+ p′)P (q,p′;ω, ǫ)
]
.
We are interested mostly in the stati suseptibility χ ≡ limǫ→0 χzz(0, ǫ). Thus, in partiular
P (p, 0;ω, 0) = G2(p, ω)
[
1 +
ANimp
(2π)2
∫
dqUe(p− q,q)Ue(q− p,p)P (q, 0;ω, 0)
]
.
A spherially symmetri solution satises
P (p, 0;ω, 0) = G2(p, ω)
[
1 +
u
4
ǫ2Be
−p2/2
∫ ∞
0
dq qe−q
2/2(I0(qp)− 1)P (q, 0;ω, 0)
]
. (D5)
Let us introdue a new funtion
H(p, ω) ≡ P (p, 0;ω, 0)G−2(p, ω); (D6)
then Eq. (D5) an be rewritten as
H(p, ω) = 1 +
u
4
ǫ2Be
−p2/2
∫ ∞
0
dq qe−q
2/2(I0(qp)− 1)G2(q, ω)H(q, ω), (D7)
or expliitly
H(p, ω) = 1 +
u
4
ǫ2Be
−p2/2
∫ ∞
0
dq qe−q
2/2 I0(qp)− 1
[ω − ωq − Σu(q, ω)]2H(q, ω). (D8)
Notie that Eq. (D8) has the same form as Eq. (52) but with H(p, ω) instead of ∂uΣu(p, ω), whih is known to diverge
∂uΣu(p, 0) → ∞ when u → uc. In the next part we will demonstrate that H(p, 0) also diverges, H(p, 0)→ ∞ when
u→ uc.
We are looking for a solution in the form
H(p, ω) = 1 + e−p
2/2
∞∑
n=1
hn(ω)p
2n, (D9)
Substitution of Eq. (D9) into Eq. (D8) yields an expres-
sion, whih looks similar to the equation previously ob-
tained (see Eq. (55)),
hn(ω) =
uKn
4(2nn!)2
+
u
4(2nn!)2
∞∑
k=1
Fn+khk(ω), (D10)
where the funtion Fn was dened earlier by Eq. (54) and
Kn ≡ ǫ2B
∫ ∞
0
dq
q2n+1e−q
2/2
[ω − ωq − Σu(q, ω)]2 . (D11)
Notie that
Kn =
∞∑
k=0
1
2kk!
Fk+n (D12)
and
Fn =
∞∑
k=0
(−1)k
2kk!
Kk+n. (D13)
Equivalently
∞∑
k=1
Bn,k2
kk!hk(ω) =
uKn
2n+2n!
, (D14)
where Bk, n was dened in Eq. (56). The solution is
found by omputing the inverse matrix to Eq. (D14) and
has the form
hn(ω) =
2−nu
4n!
∞∑
k=1
B−1n,k
Kk
2kk!
. (D15)
Therefore,
P (p, 0;ω, 0) = G2(p, ω)
(
1 + e−p
2/2
∞∑
n=1
p2n
2−nu
4n!
∞∑
k=1
B−1n,k
Kk
2kk!
)
(D16)
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and ∫ ∞
0
P (p, 0;ω, 0)p dp =
∫ ∞
0
G2(p, ω)p dp+
∞∑
n=1
∫ ∞
0
e−p
2/2p2n+1G2(p, ω)dp
2−nu
4n!
∞∑
k=1
B−1n,k
Kk
2kk!
, (D17)
if the integral is onvergent. Otherwise, it has to be regularized, whih we won't onsider here. This leads to∫ ∞
0
P (p, 0;ω, 0)p dp =
∞∑
n=1
Kn
2nn!
+
u
4
∞∑
n,k=1
Kn
2nn!
B−1n,k
Kk
2kk!
, (D18)
whih an be further simplied by means of some algebrai transformations,∫ ∞
0
P (p, 0;ω, 0)p dp = F0 +
∞∑
n,k=1
(
4
u
(B−1n,k − δn,k) + 2B−1n,k
Fk
2kk!
+
u
4
Fn
2nn!
B−1n,k
Fk
2kk!
)
. (D19)
Despite the simpliations, the above expression is di-
ult to evaluate analytially, as well as numerially. How-
ever, sine most of the terms there involve the inverse ma-
trix, it is reasonable to suppose that if ω = 0 it diverges
with u→ uc as∫ ∞
0
P (p, 0; 0, 0)p dp ∼ det[B(u)]−1. (D20)
On the other hand the suseptibility is given by
χ(ǫ) = − iA
(2π)2
∫ ∞
−∞
dω
∫ ∞
0
P (p, 0;ω, ǫ)p dp. (D21)
Thus, onsidering ǫ = 0, we see that the integrand is
divergent at ω = 0 with u → uc, whih is denitely not
enough to infer the divergene of the integral itself, but
an be onsidered as an indiation to suh possibility.
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